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1 Introduction

In recent years, an increasing number of oil water separators are being installed in wastewater treatment
equipment in industrial plants and soil sanitation facilities. With the increase of offshore oil production,
there is also an increase in demand for oil water separators on offshore floating platforms. The major
type of oil water separator consists of a separating tank in which fluids are separated by density. The
two liquids form layers in the tank. It is important to predict the wave motion (sloshing) of layered
fluids when considering the safety and performance of these tanks under seismic disturbances on the
ground or wave disturbances on the sea.

On the subject of sloshing oscillation of two (or multi) immiscible layered fluids with different den-
sities, Handa and Tajima [1] performed a linear analysis of two-dimensional problems in a rectangular
tank and compared the results with experiments. It was reported that each linear mode (eigenmode) of
sloshing contains oscillations on both of the two interfaces, the free surface interface and the interface
of the two liquids, and that there are two eigenmodes having the same spatial wave number, one with
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the dominant oscillation on the free surface and the other with the dominant oscillation on the interface
of the two liquids. It was also reported that, in the experiment, the free surface and the interface of
the two liquids can have different mode shapes simultaneously in a tank under harmonic excitation.
Tang [2] and Veletsos and Shivakumar [3] performed linear analyses for cylindrical tanks that also
obtain two eigenmodes having the same spatial wave number. Xue et al. [4] conducted a sloshing
experiment of two layered fluids in a rectangular tank. Molin et al. [5] conducted an experiment with
a rectangular tank containing three fluids. All the previous experiments showed several patterns of
interfacial oscillations on the free surface and the interface of liquids. This indicates that the sloshing
actions of two (or multi) layered fluids are rather complicated in comparison with the sloshing actions
of one fluid.

In sloshing oscillation of two layered fluids, nonlinear interference exists between the two interfaces.
Generalis and Nagata [6] performed a perturbation based analysis in which two eigenmodes couple
directly. Meziani and Ourrad [7] also performed a nonlinear analysis based on the perturbation method.
La Rocca et al. [8] performed a nonlinear analysis that applied the variational principle to obtain a
Lagrangian formulation and used modal damping ratios obtained by free damped vibration tests. Hara
and Takahara [9] suggested a unified formulation derived by Hamiltonian mechanics and the Dirichlet-
Neumann operator, which accommodates both linear and nonlinear analyses. Sciortino et al. [10] also
suggested a Hamiltonian formulation. Yoshizumi [11] suggested a Lagrangian-based formulation that
are written in a form of direct expanding in eigenmodes that have oscillations both on two interfaces
as described above.

One of the most interesting nonlinear phenomena in previous experiments on two layered fluids
sloshing is a phenomenon that has been observed by Handa and Tajima [1]. In the course of this
experimental research, it was discovered that the phenomenon by which the interface of the two liquids
oscillates with an asymmetric first mode shape and at a frequency of 1/5 to 1/7 of the excitation fre-
quency. This phenomenon occurs when the excitation frequency is close to the natural frequency of the
asymmetric second mode having the dominant oscillation on the free surface. This paper focuses partic-
ularly on this phenomenon, which is referred to as “peculiar oscillation.” In a previous report [11], the
“peculiar oscillation” was observed by analysis using a proposed formulation. However, only frequency
components in the oscillation were identified. This paper analyzes the interaction among eigenmodes
in the “peculiar oscillation” to clarify the generation mechanism of the oscillation. First, three cases of
the two-layer depth ratio are examined for validation. Second, based on the nonlinear modal equation,
eigenmodes that mainly contribute to the “peculiar oscillation” are identified and the effects of the
combination of eigenmodes on the oscillation are investigated. Finally, an amplitude equation analysis
for those eigenmodes is performed. The generation mechanism of the oscillation is discussed based on
the analytical results from the view point of nonlinear interactions among eigenmodes.

2 Nomenclature

a: Half the width of the tank (The width direction is along the excitation direction.)

b: Half the length of the tank in the direction horizontal and normal to the excitation direction
D;: Domain with the i-th interface on top

F;: i-th interface (Fy refers to the bottom boundary.)

f: Frequency of the external disturbance (harmonic excitation) [f = @/(2r)]

g: Gravitational acceleration

H;: Distance between the bottom of the tank and the i-th interface in quiescence

i: Number of the interface (i = 1: interface of the two liquids, i = 2: free surface)

J: Number of the interface at which dominant oscillation occurs in each eigenmode

(j = 1 represents the mode in which the dominant oscillation occurs at the interface of the two
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liquids. j = 2 represents the mode in which the dominant oscillation occurs at the free surface interface.)
N: Highest wave number order to be taken in the analysis (The same N is applied to both symmetric
and asymmetric modes.)
m, n: Wave number order of eigenmodes (In this paper, wave number orders of asymmetric modes

are numbered 1, 2, ... and wave number orders of symmetric modes are also numbered 1, 2, ...
individually.)

p: Pressure of the liquid

t: Time

x: Coordinate in the width direction, i.e., the excitation direction (horizontal)

y: Coordinate in the direction horizontal and normal to the excitation direction

z: Coordinate in the vertical direction

(The frame, O-zyz, is attached to the tank)

Xg, X, Displacement of the tank excitation and its amplitude (x, = X, - cos r)

¢: Common damping ratio (In the present analyses, all {yjm and (.jn are set to the common value
¢)

Csjm, Cejm: Critical damping ratio of the asymmetric eigenmode and that of the symmetric eigen-
mode

n;: Wave height of the i-th interface

Asms Aem: Wave number of the asymmetric eigenmode and that of the symmetric eigenmode

Ao = (2 — 1)1/ (2a), Ao = 2/ (2a)]

w: Density ratio of the two liquids (4 = p2/p1)

pi: Density of the liquid in D;

o: Depth ratio (6 = H\/Ha)

¢;: Velocity potential in D; for the liquid motion relative to the tank

o: Angular frequency of the external disturbance (harmonic excitation) (@ = 2rf)

Ogjm; Ocjm: Angular natural frequency of the asymmetric eigenmode and that of the symmetric
eigenmode

3 Formulation

The formulation process of the nonlinear modal equations is described in [11]. The present paper
describes the essential variational process supplemented with detailed derivation omitted in [11], and
describes the resultant nonlinear modal equations used in the analysis.

3.1 Basic equation by variational principle

The analytical model is shown in Fig. 1. The basic equations are derived from the variational principle
under the assumption that the two liquids are incompressible fluids and undergo an irrotational flow.
The density of the Lagrangian is equal to the pressure of the liquid and the Lagrangian of the whole

system, L, is then written [12] as:
L= /// pdxdydz. (1)
D1+D;

The pressure p is expressed [13,14] by the Bernoulli equation for unsteady potential flow in tanks
subjected to translational motions, i.e., p/p; = —[(d¢;/d1) + (1/2)(V;)* — v4- V§; + gz] where, v, is the
excitation velocity, z is the vertical coordinate of a stationary frame, and ¢; is the velocity potential.

In the present case, p is:

¢ 1 N
5 = —{a—q; +5(Vor) + g2} — (kex — 55, @
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2a

= 10

Fig. 1 Analytical model. Two incompressible immiscible fluids form layers in a rectangular tank and the tank
undergoes horizontal excitation as an external disturbance.

where, the symbol - denotes the differentiation with respect to time, V= (d/dx,d/dy,d/dz), and re-
lations of ¢; = ¢ +Xpx, z =2z, and Vv, = (%,,0,0) are used. Substituting Eq. (2) into Eq. (1) results
in:

/F1 o1 — 1) —dxdy // {l(V(pl)z—i-gZ—Fng—lxﬁ}dxdydz (3)

+u//F¢z 2 dxdy — u//D{ (V) + gz + Xpx — x}dxdya’z
2 2

. dxdydz — 11— dxdyd
dt//Dl<P1xyz udt//m%xyz,

where the following relationship taking into account time-dependent perturbations of F; is used:

4 j = 99 IM;i _ 9Ny .
dt //D[ ¢ldXdde_///D[ 9 dXdde+//F;¢l 5 dxdy //Fi_l@—at dxdy (i=1,2). (4)

Hamilton’s principle is given by:
15}
§ [ Lar=o. (5)
n

In the operation of the variation, 1; and ¢; are the respective variables. The domain D; is the function
of n;, hence the variation in D; is written as:

5/// (t,x,9,2 dxdydz—// &/dxdydz—l—// F ONdxdy — // FOoni—1dxdy, (i=1,2), (6)
Fi—

where, .% represents a general function, and 01y =
Applying Egs. (6) to Eq. (5) with Eq. (3) under constraints 0¢; = 0 at t =#; and 1 =, obtains:

/ / (00 —ude) —dxdydt—l—/ / (¢ — [.L(Dz dxdydt—i—u/ // 5¢2—dxdydt
F F P
85772 2 . )
+u 03 3 dxdydt + [— {E(W)l) —i—gz—l—xgx—ixg}Smdxdy
f )2 151 F

1 1 1
—// —5(V¢1)2dxdya’z+u// {—(V¢2)2+gz+)'c'gx——X§}5n1dxdy
Dy

—,u//{ (Vin)? + g7+ Fox — g}5n2dxdy ,u// ~8(Vén)?dxdydz)dt = 0. (7)
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With respect to the second and fourth terms in Eq. (7), applying integration by parts to integrating
$:(d06n;/dt) under constraints 6n; = 0 at t =# and t =1, yields:

/ / : (61 — ;upz dxdydt / //F &‘Pl a¢2 )81 dxdyd, (8)
15 )
/ // @aSndedydtz —/ // %Engdxdydt. (9)
I F at n 12 at

Here Green’s first identity is recalled, i.e., [[[, Vo Vydxdydz = [[,, ¢ - (dy/dn)ds — [[[,, ¢ V> ydxdydz
where D is the domain, dD is its closed boundary, n is the outward pointing normal of the boundary
dD, ds is the surface element of dD, and ¢ and y are functions. Applying Green’s first identity to
integrating 8(V¢;)%in Eq. (7) and expanding variations in the form of §(aB) = (6a)B + a(8B) yields:

//DIS Vo 2dxdyalz—/Fl S %_W) 854’1 )ds _1_//8[)1 y 5¢1%+¢ 85(1)1)

— // i (8¢ V2 ¢y +¢1V25¢1)dxdya’z,

(10)

// 8(Véy)?dxdydz = — / Em%—i-q)za&m ds —I—/ 5¢2%+¢2&5¢2)
D, F I8

(11)
I 250, , )
+//8D2 . ( or—— on +¢2w)ds—//D2 (802 V-p + 02 V=8¢, )dxdydz,

where, dD; is the closed boundary of the domain D;, ds is the surface element of dD; and n is the
outward pointing normal of the boundary dD; except on F; of dD,. The positive direction of n on Fj
is defined to be the +z side, and n is the inward pointing normal on Fy of dD;. The last terms in Egs.
(10) and (11) are rewritten as follows by using Green’s first identity again:

2 . Lo 26 eyol} d6¢,
//D1 ¢1 V=6 ¢1dxdydz —//F1 (—5‘151% —lew)dﬁ_//am—ﬂ (—5¢1W +¢1W)ds

+ // 861 V2 ¢1dxdydz,
Dy

//D2¢2V26¢2dxdydz— //F 5%%+¢2a5¢2d +//F2 5¢%+¢ a&pz)

+//302 G 5¢2%+¢295¢2 N +//D25¢2V2¢2dxdydz

The following relationship for the interfaces is used in the differentiation with respect to the normal
of the interface:

(12)

(13)

90

(an )dsz(a_z_ﬁﬁ_a_ya_y)dm’y’ (14)

where, 1 is 0y for F = Fj and 0 for F = F>. After substituting Eqs. (12) and (13) into [}, ¢; V28 ¢idxdydz
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of Egs. (10) and (11), substituting Eqgs. (8) to (11) into Eq. (7) and using Eq. (14) obtains:

//F{ﬂ_% d¢1 dm 9¢13771) 501 — (ﬂ_% 9 dm 9¢23n1)5¢}ddy

ot dx dx | dy 0 ot dz dx dx dy dy
@_9;452 d¢dny | I IMy
//Fz ox ox Ty gy 00Xy

// a(bl (V¢1) + gz +¥ex — L {aq)2 (V¢2) +gz+fégx—%x§}]5mdxdy
F

99
—u //Fz{ 30 et s)omdsay— [ Soos

oD —F an

—u //a a¢25¢2ds+ // A V2,81 dxdydz+ L // V26,8 godxdydz]dt = 0. (15)

Dr—F—F on

By assuming the following Eqgs. (18) to (19), the kinematic conditions and dynamic conditions imposed
on the interfaces are separated from Eq. (15) to obtain Eqgs. (16) and (17) respectively.

9711 291  IPrIn I Im ont d¢y I dn  Idprdm
/FI{W_— dx dx | dy 0 y) o1—H (W_Q—Z dx ox | dy 0 y)aqb}dd
9712 3¢2 3¢2 o I 3772
//Fz BT 9T s ar T e gy )30dudy =0, (16)

// 20 () 4 L{V0) (V62 (1~ g+ (1~ ) e 22}y

1
—I—,LL// {a(p2 0)? —i—gz—l—)'c'gx—ix;}ﬁngdxdy:O, (17)
I3
%:OOH 8D Fl,aq)z =0on aDz—Fl—Fz, (18)
on on
V29, =0in Dy, V?¢ =0in D, (19)

Equations (16) and (17) are written in integral forms combining two interface conditions. These
integral forms are convenient to formulate the nonlinear coupling between two interfaces through the
direct variational method, e.g., the Galerkin method in the following section. Equation (18) gives
the boundary conditions imposed on the wall of the tank. Equation (19) is Laplace’s equation that
corresponds to the incompressibility condition.

3.2 Nonlinear modal equations

In the remainder of this analysis, the problem is restricted to a two-dimensional flow in a rectangular
tank. Length is reduced by a. Time is reduced by the natural frequency of the eigenmode under the
linear resonance state, @,,;. The symbol “*’, which means dimensionless, is omitted at equations in the
remainder.

a=aa*, g=awl,g, Hi=aH', (=10, x=ax", z=az",
2
Xg = CIXZ,, X = ClX;, ni= ani*y Asm = A m/a Aem = A, m/a pi=a wres¢i*7 (20)

*
W jm = wreswsjma Ocjm = wresw”m
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An approximate solution of the basic equations was sought, applying the Galerkin method. The
admissible functions are expressed by direct eigenmode expansion. The procedure for obtaining eigen-
modes is shown in Appendix 1.

2
i(x,2,1) 2 N (@yijimZi jm (2) S0 (AgnX)A jo (1) + Pcijim Zeijm (2) €08 (AemX) Bjm (1)), (21)
: " ¢Aljm(x7t) ¢c'ijm(x7t)
2
= Z z sijmZ. Sljm )Sm(lsmx)c ( )+q)czjm Cljm(Hi) COS(Acmx)Djm(t))u (22)
=1 m
’ lem (X7t) ncijm(xyt)

where, @gjm and @, are velocity potentials of asymmetric and symmetric eigenmodes respectively,
Zsijm and Zj, are mode shapes in the z-direction of the velocity potentials in the eigenmodes, the
prime denotes d/dz. Aj, and Cj, are time dependent variables for the asymmetric eigenmodes. By,
and D}, are time dependent variables for the symmetric eigenmodes. The admissible function of Eq.
(21) satisfies the boundary conditions of Eq. (18). Orders of quantities are assumed as follows:

Ajns BjmyCimy Djm ~ O(€'), (23)

1/3 . . . .
where, O(€) represents the e-order, and & = X, /3. In resonance cases in which one eigenmode is

dominant, the order of the eigenmode is O(¢) [11]. In the “peculiar oscillation” discussed in the present
paper, a few eigenmodes are dominant simultaneously and no eigenmode is assumed to be O(¢).

After applying the Galarkin method, the resultant nonlinear modal equations are obtained as fol-
lows:

FlS]ann + 2Csmw3]nrlsmcjn + FZS}n jn — {2/ )} ngnjég
1 2 2 N—n+l1
+ 3 2 2 2 (Pisjy jojmmtn—12CjimD jomsn—1+ Pagjy jo jmmtn—1,2CjimD jymin—1)
Ji=ljx=1 m=1
1 2 2 N
3 2 2 X (PisjijpjmmnnCiimD pom—n+ Pasjijsjmm—-nnCjimD jym—n)
J1=1 jo=1m=n+1
1 2 2 n—1
3 > 2 X Pasjijpjmn-mnCiimD jyn-m + Pasji jp jmn—maCiimD jon—m)
j1=1jp=1m=1
1 2 2 N—-n
) D 2 X PssjijpjmmrnnD jimCiomeen+ Posj jojnmrnnD jumC jsmen)
J1=1 jp=1m=1
1 2 2 N
+ 5 z z z (Pssjljzj m,m—n-+1 nDjlijszlH“l +P6Sj1j2j m,m—n—+1 nDjlmCJQm n+l)
j1=1jp=lm=n
1 2 2 n—1
- 5 z z (P7SJ112J m,n—m nDJlmcjzn m+ PSSJ1J2] m,n—m nDJlmcjzn m)
Ji=1ja=1m=1
=0 (j=1,2,n=12,....N), (24)

Iﬂlc]n jn +2Ccmwc1nrlcm n+r26jnDjn
2

+ 5 Z > Z (Prcjijojomn—mitnCimCpon—ms1 + Pacjy jojmn—m+1.0CjmCjon—me-1)
jlzljzzlmzl

N

1
_E Z Z Z P?’CJIJZJ”"”" "”C]lmcjzm "+P4C]l]2]mm nncjlmcjzm Vl)
1=1 jp=1m=n+1
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1 & &N . L
- E 2 z (P3cj1jzj,M,m+n,an1ij2m+n + P4cj1jzj,m,m+n,ncj1mcj2m+n)
=1 jp=1m=1
1 & & . L.
- E 2 z (P5Cj1jzj,mJl—mJlelijzn—m + Pf)cj1jzj,m,n—m,nDjlijzn—m)
=1 jp=1m=1
1 & & X ) L
=5 2 % 2 (PrcjijpimmennDjimDjumn+ Pocjsjojmm-nnDjimD jom—n)
Jj1=1 jp=1m=n+1
1 & &N ) L
) 2 2 (P7€j1jzj,m,m%-n-,"Djlijzm-*-" + PSé'jljzj-,m-,Wl-i-n,nDjlijle+n)
=1 jp=1m=1
=0 (j:l,Z,n:l,Z, ..,N). (25)

Viscous damping terms are introduced as the second terms in order to express the equivalent energy
dissipation. The process of the Galerkin method to obtain Egs. (24) and (25) is summarized in
Appendix 2. The specific expressions of the symbols (I'isjn, T2sjn, Ticjns T2cjn, Pojns Pi—g...) in Egs.
(24) and (25) are given in [11].

In previous research, only Generalis and Nagata [6] showed an analysis method treating the direct
coupling of eigenmodes (not wave numbers). However, this research examined only two eigenmodes.
The nonlinear equations of Eqs (24) and (25) are written in a form of direct coupling of several
eigenmodes. This allows the direct analysis of nonlinear coupling among eigenmodes.

The equation set of Eqgs. (24) and (25) can be expressed in a form of state-space representation as
[A]¢g = B(q) where [A] is the state matrix, B(q) is the input vector and q is the state vector. However,
since nonlinear terms include the highest derivative with respect to time (the second derivative in this
case), the state matrix [A] is not a constant matrix but a function matrix of g. Then, the state-space
representation being solved is obtained as ¢ = [A(q)] "' B(q). In the time domain analysis, the equation
set was solved using the Runge-Kutta method (RK4). The time division in the numerical simulation
was set to 1/100 of the harmonic excitation period. The analysis time length was set to 100 periods
basically to obtain a stationary state, and was extended to obtain a stationary state if 100 periods
was not sufficient. Each analysis was performed under both conditions of increasing and decreasing
excitation frequency. The wave heights obtained by Eqs. (24) and (25) are consistent well with those
in the experiment over the w-region including several natural frequencies [11].

Linear solutions can be obtained by omitting the nonlinear terms multiplied by ‘P_s. ..
(24) and (25). The linear solution has been confirmed to coincide with that by Hara et al. [9].

Y

in Egs.

4 Time domain analysis

The time domain analysis using Eqgs. (24) and (25) was performed under the experimental conditions
reported by Handa and Tajima [1]. Only one depth ratio of the two layers was examined in the previous
report [11]. In contrast, the present paper examines three experimental cases.

4.1 Analytical conditions and natural frequencies

The conditions are listed in Table 1. In the experiment, water and kerosene were used and the density
ratio of the fluids was 0.789 [1]. The natural frequencies and mode shapes obtained by the eigenmode
analysis (Appendix 1) are shown in Table 2. In the remainder of this paper, an eigenmode is described
as a number row that consists of the number of the interface with the dominant oscillation (j) and
the wave number order of eigenmodes (n), for example, the asymmetric first mode (n = 1) with the
dominant oscillation on the free surface interface F, (j = 2) is called the asymmetric (2, 1) mode.
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Table 1 Analytical conditions (The conditions correspond to those in the experiments performed by Handa
and Tajima [1]).

Condition (a) (b) (c)
Length of tank 2a [m] 0.400
Width of tank 25 [m] 0.100
Depth H; [m)] 0.100 0.050 0.150
Depth H, [m)] 0.200
o =H|/H; 0.50 0.25 0.75
Ratio of density u 0.789
Acceleration of gravity g [m/s?] 9.8
Excitation amplitude X, [m] 0.010
Damping ratio {x 0.020, 0.050

% The common damping ratio is applied to all modes.

In the experiment, the tank was exposed to harmonic excitation as an external disturbance, and
Xg is set to xg = X, -coswt in the analysis. Eight eigenmodes were incorporated in the analysis, i.e.,
eigenmodes of the first or the second order wave number of asymmetric or symmetric mode shapes
with the dominant oscillation on the interface of two liquids or on the free surface interface. The same
critical modal damping ratio (assumed to be 2% and 5%) was applied to all eight eigenmodes.

4.2 Interface oscillation under each excitation frequency

Y

The experiment identified “peculiar oscillation,” i.e. when the asymmetric (1, 1) mode oscillates at a
frequency of 1/5 to 1/7 of the excitation frequency, which occurs at the excitation frequency range of
2.1 Hz to 2.3 Hz around the resonance frequency of the asymmetric (2, 2) mode [1]. This phenomenon
was also observed in the present nonlinear analysis. In the three depth ratio cases, the maximum wave
heights observed in the stationary state under each excitation frequency are plotted in Fig. 2. The
maximum wave height is the maximum positive (+z side) change measured from a quiescent state.
Transitions of the interface profiles under the “peculiar oscillation” are illustrated for the three depth
ratio cases in Fig. 3.

The nonlinear analysis demonstrates the “peculiar oscillation” in all three depth ratio cases in the
same way as the experiment as shown in Fig. 2. Linear solutions are also shown in Fig. 2 and do
not demonstrate “peculiar oscillation”. In the analysis, the excitation frequency range of the “peculiar
oscillation” in which 711, develops becomes wider with the increasing depth ratio o. However, the change
in the experimental frequency range is unclear. In the larger o the two interfaces become close and it
may be considered that nonlinear interference is occurring and leading to a wider “peculiar oscillation”
frequency range.

Figure 3 shows profile transitions in three excitation periods. Here, it can be observed that the two-
liquid interface (1) makes an oscillation of about 1/2 period with the mode shape of the asymmetric
(1, 1) mode during three periods of harmonic excitation. The two-liquid interface (1) at o = 0.75
has other mode shapes and the asymmetric (1, 1) mode oscillation is somewhat unclear in the profile
transition. At ¢ = 0.75, the two-liquid interfaces are close and eigenmodes with the dominant oscillation
at M, (eigenmodes of j = 2) have significant oscillations at 1; [see Table 2 (c)]. Then, the mode shapes
of the j = 2 eigenmodes are superimposed at 1] under the “peculiar oscillation”. In contrast, the free
surface interface (1) makes an oscillation of one period during one period of excitation regardless of
the depth ratio. In all three depth ratio cases, 1M seems to have a few mode shapes including the
asymmetric (2, 2) mode.
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Table 2 Natural frequencies and mode shapes by eigenmode analysis.
Condition (a) (o =0.50)
Dominant . . . .
interface Ist asymmetric Ist symmetric 2nd asymmetric 2nd symmetric
asym. (1, 1) sym. (1, 1) asym. (1,2) sym. (1, 2)
Fi
T~
G=1) | 03g2Hz || osseHz — | 0s2Hz 09570z | ]
asym. (2, 1 sym. (2, 1 asym. (2,2 sym. (2,2
o y ) i @D D )~ ¥ NN
(j=2) | 1380z [ || 19700z [ || 2418Hz 2.793 Hz
Condition (b) (o =0.25)
Dominant . . . .
interface Ist asymmetric Ist symmetric 2nd asymmetric 2nd symmetric
asym. (1, 1) sym. (1, 1) asym. (1, 2) sym. (1, 2)
Fi
(j=0 0336Hz |__— || 0594Hz | — ~|| 0786Hz [~——| 0936Hz [ ~—""]
asym. (2, 1) sym. (2, 1 asym. (2,2 sym. (2,2
- ym. ( I 2D o~ 22 L~ PG A~
(j=2) 1.330Hz —— | 1970Hz 2.418 Hz 2.793 Hz
Condition (c) (o0 =0.75)
Dominant . . . .
interface Ist asymmetric Ist symmetric 2nd asymmetric 2nd symmetric
asym. (1, 1) sym. (1, 1) asym. (1,2) sym. (1, 2)
Fi ——— ] S~ NN\
(j=1) 0.336 Hz 0.594 Hz 0.786 Hz 0.936 Hz
asym. (2, 1) sym. (2, 1) asym. (2,2) sym. (2, 2)
(j=2) 1.330 Hz 1.970 Hz 2418 Hz 2.793 Hz

5 Eigenmodes involved in “peculiar oscillation”

In the “peculiar oscillation,” the two-liquid interface, 1y, oscillates with the asymmetric (1, 1) mode at
a frequency of 1/5 to 1/7 of the excitation frequency. The mechanism of this oscillation is discussed
below.

5.1 Causal nonlinear forces and frequency components under “peculiar oscillation”

By observing the time series of all nonlinear terms in Eq. (24) acting on the asymmetric (1, 1) mode
[C11] under the “peculiar oscillation,” some terms have been identified as nonlinear force terms having
a component clearly synchronized to the asymmetric (1, 1) mode oscillation and that then excite the
asymmetric (1, 1) mode. These terms are classified into two groups. One is the group of four terms
expressed as products of the asymmetric (2, 1) mode [Cy;] and the symmetric (2, 1) mode [D5], and
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Fig. 2 Maximum response of interfaces (x = a).
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t=(0/2)T t=(1/2)T t=Q/2)T t=(3/2)T t=(4/2)T t=(5/2)T
/—
|

Condition (a) o =0.50, { =0.020
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t=(0/2)T t=(1/2)T t=Q/2)T t=(3/2)T = (4/2)T t=(5/2)T

Condition (c¢) 0 =0.75, { =0.050

Fig. 3 Wave height profile under “peculiar oscillation” [analysis, excitation frequency f =2.418 Hz (period: T
=1/f = 0.414 sec.)

the other is the group of four terms expressed as products of the asymmetric (2, 2) mode [C;] and the
symmetric (2, 1) mode [Dy;]. The time series of the sum of four terms consisting of C;; and D) and
that of four terms consisting of Cy; and Dj; are shown in the upper two time series in Fig. 4 (‘force’).

The wave heights on the interface of the two liquids and on the free surface interface, 11(a) and
N2(a), are also shown in Fig. 4. The components of the relevant four eigenmodes are separated from
Ni(a) and are also shown in Fig. 4, i.e., Ng11(a), Nei2i(a), Nsz21(a) and Ngo(a). The frequencies
written on the time series in Fig. 4 are the dominant frequencies in FF'T analysis. The power spectra
of the relevant four eigenmodes by FFT are shown in Fig. 5.

The largest frequency component in the asymmetric (1, 1) mode [Cy;] shown in Fig. 5 is 0.40 Hz
[@1/(2m)]. This is close to the natural frequency of the mode itself (0.382 Hz), Then, the asymmetric
(1, 1) mode [Cy,] oscillates mainly at a frequency close to its natural frequency. From the ‘force’ in Fig.
4, it can be seen that the nonlinear terms have a frequency component of 0.40 Hz or 0.38 Hz. Thus,
the asymmetric (1, 1) mode [Cy] is excited by nonlinear terms having a frequency component close to
the mode’s natural frequency, and the asymmetric (1, 1) mode [C};] is under a nonlinear resonance.

With respect to other three eigenmodes, the spectra in Fig. 5 indicate that the symmetric (2, 1)
mode [Dy;] also has the largest component [2.02 Hz, @, /(27)] close to its natural frequency (1.970 Hz),
while both the asymmetric (2, 1) mode [Cy;] and the asymmetric (2, 2) mode [Cy] have the largest
component of the excitation frequency [2.42 Hz, o/ (2r)]. Consequently, two eigenmodes (Cy; and Dy;)
oscillate mainly at a frequency close to the natural frequency, respectively, and are asynchronous to the
excitation, and the other two eigenmodes (Cy; and Cy) oscillate mainly at the excitation frequency.
There is a relationship of @; + @, = @ among the three frequencies. This is the frequency relationship
characterizing summed and differential harmonic oscillations (combination oscillations) [15].

With respect to the two sums of nonlinear terms (‘force’ in Fig. 4, i.e., the sum consisting of Cy;
and Dj; and that consisting of Co; and Dy;), shown in Fig. 6 are asymmetric (1, 1) mode-synchronous
components under each excitation frequency. These synchronous components are obtained by applying
the 4th order Butterworth filter (band-pass filter). The filtering band is 0.5 X fs;; to 1.5 X fsq
where fs1; is the natural frequency of the asymmetric (1, 1) mode (close to the “peculiar oscillation”
frequency). As shown in Fig. 6, although the magnitude relationship between the two sums depends
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on the excitation frequency, both sums have the same order magnitude. This means that both sums of
the nonlinear terms act on the asymmetric (1, 1) mode and contribute to the “peculiar oscillation” in

parallel.

5.2 Effect of combination of eigenmodes on “peculiar oscillation”

The “peculiar oscillation” can be regarded as a nonlinear resonance phenomenon consisting of two
eigenmodes under the nonlinear resonance (the asymmetric (1, 1) mode [C}], the symmetric (2, 1)
mode [D5]) and other eigenmodes excited by the external disturbance. The effects of eigenmodes other
than C;; and D, are examined below.

Three cases of eigenmode combinations were analyzed as well as the original analysis using all eight
modes. The cases are listed in the top of Fig. 7. One case is 4-mode analysis using two eigenmodes (Cy;
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Fig. 6 Amplitudes of the asymmetric (1, 1) mode-synchronous component in sums of nonlinear force terms

under each excitation frequency (analysis, 0 = 0.50, { = 0.02). The amplitude is represented by V2 times the
standard deviation of the synchronous component.
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Fig. 7 Amplitude of resonance component of asymmetric (1, 1) mode (R;) under “peculiar oscillation”
(analysis, o = 0.50, { = 0.02).

and Dy;) under nonlinear resonance and two asymmetric eigenmodes (Cp; and Cp;) that are oscillating
at the excitation frequency and are considered to be mediations of the “peculiar oscillation.” The other
cases are one case of 3-mode analysis using the two eigenmodes (Cy; and D)) under nonlinear resonance
and one of asymmetric eigenmodes (C»1), and one using Cy1, D,y and the other asymmetric eigenmode
(C22).

In the remainder of this analysis, R} means the amplitude of the resonance component of the
asymmetric (1, 1) mode [Cy;]. Ry is identified by applying the 4th order Butterworth filter (band-pass



Fumitaka Yoshizumi /Journal of Applied Nonlinear Dynamics 5(4) (2016) 399421 413

filter) to the time-series of Cj;. The filtering band is the same as that mentioned in Section 5.1. The
obtained R; values in the different eigenmode combinations are shown in Fig. 7. The vertical line
segment in the figure indicates that Ry modulates within the segment. The actual amplitude by R; at
the side wall is obtained by ®y11Z},,,(Hi)R; where the coefficient, ®y11Z},,,(H}), is 6.82 [1/m] in the
present case.

As shown in Fig. 7, the “peculiar oscillation” occurs (i.e., Ry develops) not only in the original
analysis (‘8-mode’) but also in the other three cases (‘4-mode’, ‘3-mode-1" and ‘3-mode-2’) in which
some eigenmodes are omitted. This is in agreement with the fact that two sums of nonlinear terms
(the sum consisting of C»; and D;; and that consisting of Cy, and Dj;) act on Cj; in parallel to cause
the “peculiar oscillation”.

However, the amplitude and the excitation frequency range of the “peculiar oscillation” are affected
by the combination of eigenmodes as shown in Fig. 7. The original analysis (‘8-mode’) gives amplitudes
generally close to the experimental ones (Fig. 2). In contrast, all the other three cases (‘4-mode’, ‘3-
mode-1" and ‘3-mode-2’) generally give larger amplitudes than that in the original analysis. This implies
that nonlinear interferences among eigenmodes restrict the amplitude at the same time as causing the
“peculiar oscillation”.

It is noticeable that the “peculiar oscillation” occurs in the case of the 3 mode-analysis (‘3-mode-1’)
incorporating the asymmetric (1, 1) mode [Cy], the symmetric (2, 1) mode [Dj;], and the asymmetric
(2, 1) mode [Cy1]. In this 3-mode analysis, the asymmetric (2, 2) mode [Cy] under the linear resonance
is not incorporated. This indicates that any eigenmode under the linear resonance is not necessary for
the “peculiar oscillation” to occur.

6 Amplitude equation analysis for main eigenmodes

To clarify the mechanism of nonlinear coupling in the “peculiar oscillation,” analyses of the amplitude
equations were performed for the 3 mode-analysis incorporating Cyy, Dy, and Cy; (‘3-mode-1" analysis)
and that incorporating Cj;, Dy, and Cy; (‘3-mode-2’ analysis) both of which demonstrate the “peculiar
oscillation” as shown in Section 5.2.

6.1 Formulation of amplitude equations

From Eqgs. (24) and (25), nonlinear modal equations for ‘3-mode-1’ (Cy1, Dy and Cy1) can be written
as:

Tis11Cii 42801 0a1 Tt Crt 4+ Tog1Ci + {2/ (Aja) } Poriie )
1

+ 2 (Pis121111C11D21 + Posia1111C11Da1 + Psa11111D21C11 + Poso11111021C1)

+ §(P1s221111C21D21 + Py221111C21D21 + Psg221111D21C21 + Pos221111D21C21) = 0,

T1c21D21 + 28021021 T 1021 D21 + Ta21 D2y

1 .. . 1 .. )
+3 (PietizinCriCin + Preriaini Ciy ) + 3 (Piea2111C21Ca1 + Prana111C3y) (26)

+ 3 (Prc122111C1Ca1 + Poc122111C11 Co1 + Pie212111C21Chi + Poc212111C21C1p) = 0,
T121Co1 42801 001 T121Co1 + Ta01Cor + {2/ (Aja) } P,

+ = (Pi5122111C11D21 + Pas122111C11D21 + Pssa12111D21C11 + Pos212111D21C 1)

+ = (P1s222111C21 D21 + Pas222111C21 D21 + Pssa22111D21Ca1 + Pospan111D21C21) = 0,

N =N =
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and those for ‘3-mode-2’ (Cyj, D1 and Cy;) can be written as:

Tis11Cri 4281 0T Cri + Tagt1Ci + {2/ (Aja) } Panie

+ 2 (Pis121111C11D21 + Pasi21111C11 D21 + Psg211111D21C11 + Pos211111D21Chip)

5 (P15221211C22D21 + P25221211C22 D21 + Ps221121D21C22 + Pos221121D21C22) = 0,

.. . 1 .. .
T121D21 + 2802102171021 D21 + Tac21 D1 + 2 (Pre112111C1iCry + chllzlllcfl) (27)

5 (P3c122121C11C22 + Pac122121C11Co2 + P3212211C22C 11 + Pac212211C22C11) = 0,

T1522C2 + 2800000 132G + T200C — {2/ (Aja) } Pen
1

) (P35122112C11D21 + Pis122112C11 D21 + Prs212112D21C11 + Peso12112D21C11) = 0,

where, x, = X, -cos wt. By referring to the frequency components of each eigenmode in Fig. 5, modal
variables (Cy1, D2y, and Cy,) are assumed to have the following form:

Ci1 = Ricos(wit + 8;) + Rscos [(w2 — 1)t + O5] + 110 cos O + c1158in 0t
Dy = Rycos(at + 62) + Racos [(0 + @y )t + 4],

Con = R3cos(wi1 + 83) + R cos [(2 — 1)t + 86| + Cane €OS OF + Copg SiN OO
o1 = [0511/ (0511 + 021)] ©, @ = [@21/(Ws11 + O21)] O.

In Eq. (28), Cou, Cone, and cays, are Cap, ¢21c and cpyy, respectively in the ‘3-mode-1" analysis and those
are Cr, ¢2¢, and cpyg respectively in the ‘3-mode-2’ analysis. @, and @, are the nonlinear oscillation
frequencies (approximate value) of the asymmetric (1, 1) mode [C};] and the symmetric (2, 1) mode
[Dy] respectively, and o is the excitation frequency, Rj_¢ and 0_¢ are the amplitudes and phase angles
of the nonlinear components, respectively. R; is the amplitude of the component of the frequency close
to the natural frequency in the asymmetric (1, 1) mode [C;] and R; is that close to the natural frequency
in the symmetric (2, 1) [Dy] mode. ¢jys are the amplitudes of ®-components that are subject to both
the external disturbance and nonlinear forces. Equation (28) is substituted into Eq. (26) in the case of
the ‘3-mode-1" analysis (Cy1, Dy1, and Cy1), and Eq. (28) is substituted into Eq. (27) in the case of the
‘3-mode-2’ analysis (Cy1, Dy, and Cy). Then, maintaining the harmonic balance on each frequency
yields the amplitude equation in terms of Ri_g 6_¢ and cjcs. For both the ‘3-mode-1" analysis and
‘3-mode-2’ analysis, the amplitude equation can be written in the following form:

Ri = Ri(A1g, — VSUER,r + OkER,i) Aok, = fr (k=1-6),
¢ = (Aog, + BiERyr + N UER,:) /Aor, = firs (k=1-6),
¢t = (= G101 ¥+ Oy 1i) [ DNocyy = fene,  Ciis = (—0We;r — Cr10511¥Yey1i) /Docyy = feniss
Cane = (= Cn @20 VPerr + O cri) [Aocs, = fernes  Cons = (—0¥eyr — C20®520 Vi) [Docs, = ferns-

The specific expressions for the symbols in Eq. (29) are given in Appendix 3. In summed and differential
harmonic oscillations, only the sum or difference of phase angles has meaning, rather than the individual
phase angle of each component. Hence, the simultaneous equations of the R|_¢ system can be written
as follows:

Ri=fi, Ra=fo, Rs=f5, Ra = fa,Rs = f5, Ro = fo,
Yo+ = f1+ 13, Y3+ = fy+ fo, Yia- = f1— fio, Viz-5 = f7— fs + fi1, Vo6 = f7— f3 + fi2, (30)

Cl1e = fC11C7 Cl1s = fcllsy Cone = fczn07 Cons = fczns-

(28)

(29)

Equation (30) is solved by using the Runge-Kutta method (RK4) to obtain a steady value set for R;_s,
Vg, W23+, Yid—, Yi2—s, Yi2-6; Clic; Clis; Cone, and Copg.
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6.2 Analytical results and relationship among nonlinear components

The steady values for R} of the amplitude equation under each excitation frequency are shown in Fig. 8
along with the original time domain solution. R; by the amplitude equation of Eq. (30) is in generally
good agreement with the original time domain solution by Egs. (26) and (27) [i.e., Egs. (24) and (25)].
It should be noticed that effects of cjj. and ¢y on R are negligible since the maximum R; changes
by +6% in the ‘3-mode-1" analysis or —0.5% in the ‘3-mode-2’ analysis by omitting cq1. and cj5. It
also should be noticed that there are nonlinear components that restrict Ry and R,. For example, R|
increases by 36% (f = 2.419 Hz) by omitting Rs in the ‘3-mode-1" analysis, and R; increases by 19%
(f = 2.706 Hz) by omitting R4 in the ‘3- mode-2’ analysis. In order to obtain solutions quantitatively
close to the original solutions of Egs. (26) and (27), it is required to incorporate nonlinear components
other than nonlinear resonance components of @, and ®,.

A @ increasing

A O decreasing }for Egs. (26) and (27)

0.035 By amplijude equation (5. (30)] 0.0012 e 0.00012
A c s inear by Eq. (31
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! = v o : =
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Fig. 8 Solution of R| by the amplitude equation peculiar oscillation” ( ¢ )

(6 =0.50, { =0.02).

The steady amplitudes of w-components in amplitude equation analyses are shown in Fig. 9, i.e.,
\/ (63, +¢3,,) in the ‘3-mode-1" analysis and /(c3,. +¢3,,) in the ‘3-mode-2’ analysis. Also shown in
Fig. 9 are linear solutions obtained by the following equation:

{ Cine } = _(_l)nzwngjnxg { " xsjn } Asjn = w/wsjn
Fzsj,,lszna[(l _xszjn)2+4cszjnxs2]n] 2Csansjn

(31)

Cijns

2

where 'y, = jnfls jn is used. The amplitude of (c%l . +C%1 ,) in the ‘3-mode-1" analysis is generally

close to the linear solution, while {/(c3,. + ¢3,,) in the ‘3-mode-2’ analysis differs from the linear solution.

This indicates that the effect of nonlinear terms on @-components of Cy; is larger than that of Cp;. In
other words, in eigenmodes with the higher wave number, excitation frequency components tend to be
influenced by nonlinear terms.

The following section discusses the relationships among the main three frequency components, i.e.,
Ry, R, (nonlinear resonance components) and caues (excitation frequency components). For both the
‘3-mode-1” analysis and ‘3-mode-2 analysis, Eq. (29) can be rewritten in a form in which the three
components are highlighted as follows:
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Ry = Ig,1R| + Ir,2R2¢onc + Ig, 3R2Cons + fRyothers

R101 =I5, | Ry + I5;2RaCone + Is;3R2Cons + f3,0therss

Ry = Ig,1R2 + Ir,2R1C2nc + IRy 3R1Cons + fRo0thers

Ry8 =I5, Ry + I5,0R1Cone + I5,3R1Cons + Fssotherss

Cane = Lesye1Cone + Lo AR1RY + Loyt { (—1)"20° Poon X | (A@) } + fesyeorners,
Cons = Loy 1Cons + Loy, 2R1IR2 + [y others- )

Specific expressions for the constants of Ir,1-3, I5,1-3, ey, 12,0 and functions of fr ,omerss [, 0therss
fesnesothers are omitted here, but can be derived from Eq. (29) with Appendix 3 through a straightforward
process.

Based on Eq. (32), the mechanism of the oscillation can be defined as follows. Both nonlinear
resonance components Ry and Ry, form products with ¢, i.e., Ryc2,cs in the equation for R, and 51,
and Rjcanes in the equation for R, and 8. This indicates that R, and R, excite each other through the
mediation of ¢y, s (excitation frequency component). The schematic of force flows in this relationship
is drawn in Fig. 10. This relationship is similar to the equation of the summed and differential
harmonic oscillation (combination oscillation) reported by Yamamoto et al. [15]. One different point
is that the excitation frequency (®) component (c,cs) is affected by nonlinear components of R
and R, particularly in case of the ‘3-mode-2’ analysis (see Fig. 9). Being based on the force flows,
the “peculiar oscillation” is judged to be one of summed and differential harmonic oscillations. The
resonance condition in this phenomenon is f = fs;; + fca; where f is the excitation frequency and the
frequencies on the right-hand side are natural frequencies of eigenmodes under nonlinear resonance.
In the present case, these are the natural frequency of the asymmetric (1, 1) mode, fs1;, and that of
the symmetric (2, 1) mode, fcp;. From the view point of engineering, it is useful that the frequency
condition for oscillation can be predicted.

Nonlinear resonance R, in
asymmetric (1,1) (C,,) mode

[0= 0+ as] L= o=l
— Copest -COMpONENtS N\ Cones(OYIR, [@,]
External disturbance Xg (o] > in asymmetric (2,n) (C,,) ~
@ mode cch,s [a)] Rl [a)l]
X
[ ] - frequency [, =00
- multiplication Nonlinear resonance R, in

symmetric (2,1) (D,;) mode

- amplification by coefficients
- nonlinear forces

< ®

Fig. 10 Schematic of force flows among three modes in the “peculiar oscillation”

7 Conclusions

Nonlinear equations in which linear eigenmodes containing two-interface oscillations couple directly in
a nonlinear form were applied to the analysis under experimental conditions. The present analysis
demonstrated the nonlinear phenomenon confirmed in the experiment, that is, the interface of two
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liquids oscillates with an asymmetric first mode shape and at 1/5 to 1/7 of the excitation frequency.
The relevant eigenmodes were identified and an amplitude equation analysis was performed on the
eigenmodes. It becomes clear that this phenomenon is one of summed and differential harmonic oscil-
lations (combination oscillations) in which the asymmetric first mode with dominant oscillation on the
interface of the two liquids and the symmetric first mode with dominant oscillation on the free surface
interface are under nonlinear resonance. These eigenmodes excite each other through the mediation
of excitation frequency components of two asymmetric modes, i.e., the asymmetric first and second
modes with dominant oscillation on the free surface interface.

Appendix 1 Eigenmode analysis

The velocity potentials of modes in each domain may be assumed in the following form:

()] (X, e t) = ¢sljm (-xu e t) = (I)slijsljm(Z) Sin(ksmx)eiwsjma Zsljm(Z) = COSh(A«st)
¢2 (X, Z, t) = ¢32jm (-xu Z, t) = (I)SijZSij(Z) Sin(ksmx)eiwxjmty ZSij (Z) = COSh(A«st) + Ysjm Sinh(kst)
...... for asymmetric modes,
1 (X,Z,I) = ¢c1jm (X,Z,t) = q)cljmzcljm (Z) COS ()Lcmx)eiwcjmta chjm (Z) = COSh()LcmZ)
i .
XG0 ) = QP2 3ol ) = 2 jmbac2 : / t’ 2jm = cm cjm cm
$2(x,2,1) = P2 jm(%,2,1) = P2 jmZe2 jm(2) €08 (AemX) e ™™ Z2 jn(2) = c0sh(Aemz) + Yejm sinh(Acmz)

...... for symmetric modes

(33)
where @ jm, Osijm, Psijm, and Ng;jy, are the natural angular frequency, the velocity potential of the domain
D;, the amplitude of ¢g;jn,, and the wave height of the i-th interface, respectively, in the asymmetric
modes. The variables @¢jm, @cijms Peijm, and N¢;j, have the same meanings in the symmetric modes.
m is the wave number order of modes. In Eq. (33), the velocity potential ¢; in the domain D; takes
a form satisfying the boundary condition at the bottom of the tank, which is a part of Eq. (18). The
side wall condition, which consists of Eq. (18) (side wall part), determines the wave number of modes
as Agn = (2m-1)m/(2a) and A,y = 2mn/(2a). Linearizing Eq. (16) yields Eq. (34). Substituting Eq.
(33) into the first of Eq. (34) yields in Eq. (35).

Im_ e _oe|  om_ o o
ot 0z |y, 02 |_y Ot 0z | —p,
G — CDsljmtanh(lsmHl) o @Cljmtanh(lcmHl) (35)
2 tanh (AgnHy) + Yo' " tanh(AgnH1) + Yejm

In Eq. (17), after linearizing and eliminating external disturbance terms (x,), differentiating with
respect to time and using Eq. (34) yields:

°91 9*¢ a9
_ 1— i =0, 36
|y ui5z) - +(1—1)g - - (36)

2
Pl 00 -
ot =H» J =H»
Substituting Eq. (33) into Eq. (37) obtains:
v a)szjm cosh(Ag,Ha) — gAgy sinh(Ag, Ho) v a)czjm cosh(AyHy) — gAcm sinh (A, Hy ) (38)
sme a)szjm sinh(AgnHs) — gAgncosh(AgnHz)” ™ wfjm sinh(AguHa) — gAemcosh(AenHy)
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Substituting Eqs. (33), (35), and (38) into Eq. (36) results in:

[1 -+ wtanh (g Hy ) tanh (Agn (Hs — Hy))] @, — @Agn [tanh (AguHy) + tanh (Agu (Hs — H1 )] 02,

—I—( — 1) (gAgm)? tanh(Ag, Hy) tanh (A, (Hy — Hy)) = 0, (39)
[1+ ptanh(A.,Hy) tanh(A, (Hy — Hy))] @ ij — gAem [tanh(Ag, Hy ) + tanh (A, (Hy — Hy))] a) e im

+(1 — 11)(gAem)? tanh (A H, ) tanh (A, (Ha — Hy)) = 0.

Solving the quadratic equations in Eq. (39) gives pairs of the second power of the natural angular fre-
quenmes <05, and @2, <2, . Substituting these angular frequencies into Eq. (38) determines

Yyjm and Ych Substituting the determined Y, and Y., into Eq. (35) gives the ratio of @, to Dy
and that of ®yj, to @y, which means that the mode shapes are determined. In the simulation in
this paper, mode shapes are normalized by setting @y, = ®c1j;m = 1.

Appendix 2 Process of the Galarkin method

Substituting Eqs. (21) and (22) into the basic equations of Egs. (16) and (17) gives the Galerkin method
obtaining Eqgs. (24) and (25). The process [11] is summarized here. In the substituting process, ¢;
and ¢, on F; are calculated by the following two steps. As an example, first, ¢; is expressed as the
Taylor expansion around z = Hj, i.e., @1|o=pss = O1|omp, + O, |i=mzi + (1/2)0! |.=p1.27, where z; = z — H;
and the prime denotes d/dz. Second, the admissible function for n;, i.e., Eq. (22), substitutes for
z;. After this substituting operation, using the product-to-sum identities for trigonometric functions in
integral operations in Eqgs. (16) and (17), considering the arbitrary of 8 Aju,, 0B jm, 0C jm, and 8D j,,
and retaining the terms of O(g) to O(€?) obtains nonlinear equations on A, Bjm, Cjm, and D . From
the dynamic boundary condition of Eq. (17), the following equations are obtained:

GisjnA jn + 8§Ga5jnCin — {2/ 20) } Py jni + Aigjn =0 (j=12,n=1,2,...,N), (40)
Glc]n ]n+gG2cjnDjn+A1cjn:0 (j:1,2,n:1,2,...,N). (41)

From the kinematic boundary condition of Eq. (16), the following equations are obtained:

_GSSjnAjn+G4sanjn+A25jn =0 (] =1,2,n= 1327~'~7N)7 (42)
GSCjnB]n+G4CJn n+A2c‘]n—O (j:1,2,n:1,2,...,N). (43)

The specific expressions for symbols in Eqgs. (40) to (43) are given in [11]. Aigju, Aicjn, Aogjn, and Aoejy
are nonlinear terms and 6,, in those terms [11] is the Kronecker delta.

By substituting Eqs. (42) and (43) into Egs. (40) and (41), a nonlinear modal equations of Eqs.
(24) and (25) can be obtained that is closed by variables of Cj, and Dj,. This substitution process is
executed in two steps. In the first step, the linear forms of Egs. (42) and (43) obtained by replacing
Agginand Agejy with zero (A, = (Gasjn/Gasjn) Cins Bjn = (Gacjn/Gsejn) Djn), in which the O(e) or O(g!)
terms are retained, are substituted into Asgj,and Ay.j, to eliminate A, and Bj,from Asgj,and Ayej,. In
the second step, the resultant equations obtained by the first step are substituted into Eqgs. (40) and
(41) to eliminateA j, and Bj, conclusively.

Appendix 3 Specific expressions for symbols in Equation (29)
Common expressions for the ‘3-mode-1" (Cyy, Dy; and C21) analysis (n = 1) and the ‘3-mode-2’ (Cyy,

Dy and Cy) analysis (n = 2). The relations of I'yj, = > [igjp and Toejy = > I'i¢jn are used in the
expressions.

sjn cjn
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N=r=81r=%u=027%="%=Cm Q =Q5 =01, 0 =QU =021, 2 =Q = 0o, B =03 =0, B =0y,

Oy = O+ 01, Bs = B = 0 — O, Mg, = 2D 4RI (OF + 17 Q7), Air, = — 1R (B7T 15+ Taai),

Mog, = OiRi[— (2777 + B} )T 1ai + Taail, Aoey, = 2T 1511 (07 + §31 03, Aoe, = 2T 100 (07 + $5,02,,),

Tiat =T1as =Tisi1s Tiaz =Tiaa = Ticats Tiaz =Tia6 = Tisons T2a1 =Toas = Tosi1, Toaz = Toaa =1 Toaz = Taae = Doson,

Erir+V—1ER;i = Qirye; Ra(c11c +V—1c11s)erns +Qirye, Ra(cric —V—=1ciis)ers + Qiryer, R2(Cone +V—1cong)ern+
+O1Rycp, Ra(C2ne — V= 1cans)e1a- + Qir,rsRaRse12-5 + Q1ryr R2R6e12- 6,

ERor + V18R, = Oarye; Ri(c1ic +V—1c115)e1n+ + Qaryey, R3(Cone +V—1cans)eazt + Qar,er, R1(Cone + vV —Tcons)ern+
+0rser, R3(ciic +V—=Tci15)eass + Oor,rsR1Rs€12-5 + Oar, RgR1R6€12-6 + O2rsrs R3R5€32- 5+ O2ryry R3R6€32- 6,

Ersr + V18R = O3y, Ra(cr1c +V—1ci1s)eass + Q3rye Ra(crie — V—1ciis)ess + Q3ryer, Ra(Cone + vV —1ens)ers:
+03R,c0,Ra(C2ne — V=1cans)ess— + O3r,rsR2Rse3r-5 + Q3r,rs RoR6€32- 65

ERyr +V—1ER,i = Qar e Ri(cric +V—1ciis)ers + Qaryer, R3(Cone + vV —1cons)ezs + Qur,cr, R1(C2ne + vV —1cons)ers
+0upye, Ra(c11e +vV—T1c115)e3a-,

Ersr +V—1ERsi = Osg,r,R1R2€12-5 + Osp,r, R3R2€30-5, ERgr + V' —1ERsi = Qr,r,R1R2€12-6 + O6r; R, R3R2€32-6,

‘"ch,,r = le]n[( S in wZ)Cj”C + ngjnwsjnmcjns] +(=D" [szpgjnxg/( a)|+& SCjne

\ch,,i = rls}n[ 2Cv1nwx1nwcmc + ( s jn wz)cjns] +‘—‘C/m7

Ee, +V—1Ec,, = Oc,riR, RIR2€12+ + Oc ) RiR, R3R2€23+ + O R iRy R1IR4€14- + O, RyR R3R4€34-, €12+ = exp(v/ =112+ ),

ey =exp(vV—1yis ), ez =exp(V—1yn3+), e34- =exp(vV =13y ), €125 =exp(vV—1y12-5), €126 = exp(vV =1 ¥126),

exn-s =exp(v/—1y3-5), €306 = exp(v/—1y33¢) (The upper bar (¢) denotes the complex conjugate.)

Wi+ =61+ 8, Wia- = 81 — 04, Wio-5 =01 — 82+ 85, W26 = 01 — & + 8, Y3+ = 8+ 63,

W35 =063 — 02+ 65 = W3+ — Wior +Wio-5, Y36 =63 — 02+ 8 = W3+ — Wio+ + Win-6, Y34 = 03— 0a = Yia- + Y3+ — Y10

Expressions of Q-terms for the ‘3-mode-1" (Cyy, Dy; and C;;) analysis

Qiroe;, = (1/4)(=Pisja1111 07 + Pagp1111 0@ — Ps 111103 + Pega 1111 00),
Qirie; = (1/4)(=Pisjo1111 0% + Pogp1111 004 1 — Pso 111107 | + Pes2ji111 001 1),
O1r,rs = (1/4)(=Pisi2111105- | + Posio1111 @21 — Psgo1111103 + Posa11111 @2 @r-1),
O1r,rs = (1/4)(—Pis22111105- | + Posao1111 @202 1 — Psgai111 03 + Posao1111 0202 1),
O2riery = —(1/HPie1i2i1 (0% + ©F) + (1/2)Pocrizi1 01 o,

2Ry = —(1/H)Pre2nain1 (0% + @F) + (1/2)Pocanain1 0y 0,

2Ry = (1/4)(—=Pre122111 OF + Poc122111 001 — Pie212111 0% + Poca12111 001 ),

Oaryery = (1/4)(=Pi212111 02 + Poc212111 @) — Pie122111 ©% + Poc122111 00 ),
Oarikrs = —(1/)Pieriin (0F + 03 |) — (1/2)Prcr o111 @1 01,

O2r ke = —(1/4)(Pie122111 ©F 4 Poc122111 01 -1 + Pie212111 05| + Poca 12111 @1 0)-1),
O2rsrs = —(1/4)(Pie122111 03| + Pre122111 @1 D2 1 + Piea12111 OF + Poca 12111 @103 1),
Ooriry = —(1/4)Pieamini (0F + @3 )) = (1/2)Pacanpi 101 @1,

Q3roc;, = (1/4)(=Pisj22111 0% + Pag o111 0@ — Psa 211103 + Pos 2111 002),
Q3ric;; = (1/4)(=Pisjn2111 0% + Pag o111 004 | — Pso o111 07| + Pes2 2111 001 1),
O3r,rs = (1/4)(—Pis12211105- | + Pos122111 @202 1 — Psg212111 03 + Posa12111 0202 1),
O3r,rs = (1/4)(—Pis222111 05 | + Pasni11 @2@r- | — Psgom11103 + Poaont 1102 1),
Quryeyy = —(1/4)Pieiia111 (0% + 0F) = (1/2)Pocii2111 01 @,

OuRyen, = —(1/H)Proamiin (0% + 0F) — (1/2)Pacanni11 01 @,

Ouryery = —(1/4)(Pre122111 ©F + Poc122111 @01 + Pie212111 0% + Paca12111 001 ),
Ourery = —(1/4)(Prea12111 ©F + Paca12111 @01 + Pie122111 0% + Poc122111 001,

Osg,r, = (1/4
Osgrir, = (1/4
Osr,r, = (1/4

)(=Pis1211110F + Pa121111@1 02 — Psga11111 03 + Pesa1 111101 @2),
b 2

Y (=Pis22111107 + Pos221111 01 @2 — Psgo1111 @5 + Pogoo1111 01 02),
2 2

)(—Pis12211107 + Pas122111 @1 @2 — Ps1211105 + Psg212111 01 02).
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O6rsk, = (1/4)(—Pi52221110F + Prs220111 01 02 — P5220111 03 + Pos2na111 01 @),
QcpikiR, = —(1/4)(Piy12j111 07 + Pas12j11101 @ + Psgo1 11103 4 Posa1j111 01 02),
QciksRy = —(1/4)(Pis22j1110F + Pas2aji 1101 @ + Psga 11103 + Posaajin1 01 @2),
Qc,iriky = (1/4)(—=Pis12ji10F + Pas12j111 01041 — Psgyj111 02 | + Posa1j111 01 041),
Qe kR, = (1/4)(—Pi22j1110F + Pasnjin1 0104 1 — Psgpji11 0% 4 Pos22ji11 0104 1),
O =0+ 0], W] =0 — 0.

Expressions of Q-terms for the ‘3-mode-2’ (Cyy, Dy; and Cyy) analysis

OtRsery = (1/4)(—Pis1211110° + Posi21111 00 — Ps211111 03 + Pesa11111 062),

O1Ryer = (1/4)(Pis221211 0% — Pos221211 0@ + P5201121 05 — Pos22112100%),

O1Ryey = (1/4) (= Pisi21111 0% + Pos121111 004 1 — Pso1111102 | + Posa11111 004 1),
O1Ryer = (1/4)(Pi221211 07 — Pon1211 004 1 + Psgo1121 02 — Pos21121 004 1),
Q1r,rs = (1/4)(—Pisi2111105- | + Posi21111 @202 | — Psgo11111 03 + Posa11111 0202 1),
O1r,r = (1/4)(P15221211 07 | — Prs221211 02021 + Ps201121 05 — Posoa1121 02 0-1),
Oaryery = —(1/H)Pieriainn (0% + 0F) + (1/2)Pacrin111 01 @,

) 2
O2Rscry = 0, Q2 cr, = (1/4) (P3c122121 O — Pac122121 001 + P3c212211 O — Pac212211 0@ ),
Oarsery = (1/4)(P3c212211 0F — P1ea12211 @0 + P3c122121 0 — Pie122121 00y ),
Oorirs = —(1/8)Piciiain (@0f + @5 ) — (1/2)Pocr 1211101 02— 1, Qarsr, =0,

2 2
Q2R Ry = (1/4)(P3c122121 07 + Pac122121 01 0 1 + P3c212211 @5 | + Pic212211 01 02 1)),

2 2
QorsRs = (1/4)(P3c12212105 | + Pac122121 01 @y | + P3212211 07 + Pyc212211 0103 1),
O3Rery = (1/4)(P3s1221120% — Pas1221120@ + 1321211205 — Pys21211200%),
O3Ryery = (1/4)(P3512211207 — Pasi;21 120041 + 121211202 | — B2 12112004 1),

+

2 2

O3R,rs = (1/4)(P3s12211205 | — Pag122112@02 @2 | + Pr21211205 — Pyg2121120202- 1),

D3Ry = 0, Q3R =0, O3p,r, =0,

Ouriery, = —(1/DPie1i2i1 (0% + 0F) — (1/2)Pocrizin 0 o,

Q4R =0, Qur,cr, = (1/4)(P3c122121 OF + Pac122121 001 + P3212211 0% + Phe212211 001 ),
Oursery, = (1/4)(P3c212211 0F + Paea12211 @01 + P3e122121 07 + Pae122121 01 ),

Osr,r, = (1/4)(—Pis1211110F + Pos121111 @1 02 — Ps211111 03 + Pos211111 01 @2),

Osr,k, = (1/4)(Pis2212110F — Pasn21211 @1 @2 + Psg221121 07 — Pos2n112101 %),

O6r,R, = (1/4)(P3512211207 — Pis12211201 @ + P1521211203 — Pys21211201 02), Qersr, =0,
Ocnriks = —(1/4)(Pis121111 ©F + Pog12111101 @2 + Psga11111 03 + Posa11111 @1 02),

2 2
Oci i RsR, = (1/4)(P15221211 07 + Pos221211 @1 @2 + Ps021121 05 + Pss201121 @1 02),
2 2
OciiriRy = (1/4)(=Pis121111 07 + Pag121111 @1 041 — Psgo1111107 | + Pos21111101 041 ),
+
2 2
OciiRsRs = (1/4)(P15221211 0 — P2s221211 @1 @41 4 Psg221121 07 | — Pss201121 01 041 ),
+
2 2
QcnR iRy = (1/4)(P3s12211207 + Pag12211201 02 + Pr321211205 + Pg21211201 02),

) 2
OcnriRy = (1/4)(P3512211207 — Pag12211201 041 4 Pr5212112007 | — Pys21211201 041 ),
+

Oc22rsR, =0, Oc22rsr, =0, 011 = O+ @1, -1 = ) — .
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