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1 Introduction

ided into three classes of individuals: susceptible, infective and recovered,
example, [1-4] and the references therein).

n by itself after they are infected by some certain time such as tuber-
culoses, influe . &5.6]). In [7-9], the authors assume that, when a susceptible individual is
infected, there is@aime 7 > 0, during which the infectious individual develop, and only after that time
the infected individ¥g@h becomes the removed individual. The time 7 is called infectious period.
Usually the rate of infection in most epidemic models is assumed to be bilinear in the susceptible
S and the infective I. However, the actual incidence rate is probably not linear over the entire range
of S and I. Thus, it is reasonable to assume that the infection rate of epidemic model is given by

the Beddington-DeAnglis function, Hoglisfrazs’ where o, > 0 are constants. The incidence function
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Halflisiazs was introduced by Beddington (see, [10]) and DeAngelis et al. (see, [11]). When oy >0, ap =0,
the Beddington-DeAngelis incidence function is simplified to saturated incidence function introduced
by Capasso and Serio (see, [12]).

In [13] R. Xu and Y. Du considered the following delayed SIR epidemic model with saturation
incidence and a constant infectious period

S(6) = A-ps(r)— P21

1—{-0611(1‘)7
o BSOIM) BetS(— I —1)
Ry = B D i),

non-negative constants in which A is the constant recruitment rate into the pop
number of adequate contacts of an infectious individuals per unit time, 7 i

death of the infectious.

In the current paper, motivated by the works of R. Xu, Y.
study the dynamics of the following SIR epidemic model wit
and a constant infectious period:

v BS@)1()
S(t) = A= S(t) — T ol (1) + anS(
i BS@)1() Betot
10 = T ant(t) + ou5() 7y Kl () ®
oo Be St —1)I(t —
kie) = 1+oyl(r— % S(t —
here the variables S(¢), I(t), R(t) andk 1, B, T, U1, 4p and 3 have the same meanings

as in system (1); & is a nonneg

2 Preliminary result

The initial conditio

(6),1(6) = 93(6), R(6) = ¢4(6),
$:(6)>0,0 € [-1,0],i=1,2,3, (3)

where ¢ = (@73
space C ([—T,O], of contMuous functions mapping the interval [—7,0] into R>.

The existence a¥gathe uniqueness of the solution (S(¢),I(¢),R(¢)) of the system (2) with initial
conditions (3) follows ®om the well known theorem in [15].

It is easy to show that all solutions of system (2) with initial conditions (3) are non-negative on
[0, +e0). Furthermore, if ¢;(0),¢2(0),¢3(0) > 0, then the solutions are positive on [0, o).

We define the basic reproduction number Ry of the model (2) by

Ry = B—A(l — ),
U + Aoy
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It is the number of newly infectives infected by an infective individual during the whole infection period
when all of the individuals in the population are initially susceptible. This quantity determines the
thresholds for disease transmissions.

The system (2) always has a disease-free equilibrium El(ﬁ,0,0). Moreover, if Ry > 1, then system

(2) has further the endemic equilibrium E»(S»,,R2), where

U+ Aoy (l — e_“”)

Sy = :
P (B man)(l-e k) — oy
_ 1 BA(1—e#27) _Auzaz—uluz](l s
p2" (B4 pon)(1—e %) — o
1 Al —e T — A —
Rzz—(ﬁ (I—e ") — Ao Nluz)e_“

3 (B+pion)(1—e %) — oy

3 Permanence of disease

In the epidemic models, permanence is an important,
continues to exist for any initial conditions. In the fo
sufficient condition for system (2) to be permanent.

Definition 1 ([15]). System (2) is said to K
i=1,2,3, such that

for any positive solutio
are independent of jaifi

then

limsupN(z) <
t—+oo H

accordingly

Therefor, for € > 0 sufficiently small, there is a M; > 0 such that if r > M;, then (1) < ﬁ +e.
We derive from the first equation of system (2) that, for r > M,

B +e)

ST >A— +—
®) (ki I+ (A +e)


aluo
retracted


528 Abdelali Raji-allah, Hamad Talibi Alaoui / Journal of Applied Nonlinear Dynamics 9(4) (2020) 525-539

By comparison, we have

Al +ou (- +e)]
liminfS(z) > — .
[ortee pr+ (Hon +B) (5 +€)
Since this inequality hold true for arbitrary € > 0 sufficiently small, we deduce that

A(]—FOZIMA)
liminfS(¢) > L =1 (5)
e i+ (pron +B) g

Therefor, for € > 0 sufficiently small, there is a M, > M, such that if r >

x _ o [BA(1—e2%) i — 1 ap Al ; %
Denote I* = == (T a];z . Clearly, if Ry > 1, then I

, thi
and

BA(1 — e te7)
ol + oA+ (B+ o))

Thus, we can choose a positive constant A > 7 such th

BA(1 - e#%)
Mo + A +T*(B +

pi=

(7)
(7)that for ¢t > 1,

pr
14+ oyl*

)S(1).

(it ) (1—10) Lo ) 0-9)
0)e 1 +A [ e 1 do

fo

(1+oyl") 1 _ef(uﬁ%)(zfto)]
BI* + i (1+ o I*)
A1+ oqI") 1 _e,(“ﬁ%)x]
BI* + i (1+ o I%)
= S (8)

Clearly,

§* < Al+al)
B4 (14 oul*)

We define

70 ::I(t)_ﬁe—ﬂzf/t SOIO) 4. (10)

r—c 1+l (0)+ S(6)
The derivative of V along the solutions of (2) is given by

av(t) _ B(1—e#27)S(1)
el T E N OET X))

—1)10).
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By (7), (8) and (9), we have

av () B(1 — e koT)s*

a 'uz[,uz(l +oul(t)+0pSt) 1)
B(1—er)s’

& “2[u2(1+a11(t)+azm) ~ o)

w(p—DIF), t>1+A.

We set
;= min I(to+A+7T+u)>0.

ue[—1,0]
We will show that I(r) > I; for all + >+ A. Suppose the cont
such that I(f;) < I;. Denote f; = inf{t|I(t) < I;,t > to+ A + T}.
to+A <t <. It follows from the second equation of (2) t

e[ 5(6)1(6)
M0=F | T57ai6)+wse

accordingly

(12)
Since I; < I*, then
§*(1— et
> _PSU=—e™) o
) T wa(1+oul* + apm)
As a conseg > I;. This is a contradiction. Thus, I(¢) > I; for all t >ty + A.

dv(t
dg) > (p—1) >0,

which implies Wt as t — 4o, V(1) — +oo. By using (4) and (10), we obtain

A A*BetTT
limsupV (1) < —+ — pe )
PRI, Mo py +oa A+ oAl

this contradicts lim;_, 1. V() = +eo. Hence, the claim is proved.
By the claim, we are left to consider two cases. First, I(r) > I* for all t large enough. Second, I(t)
oscillates about I* for t large enough. For the second case, let t* > 0 sufficiently large such that
S(t) > y; — € for € > 0 being sufficiently small and o > 0 satisfy

I'=I1t")=1t"+0) and I1(t)<I* for t"<t<t'+o.

We will restrict study on the interval [¢r*,+* + ¢]. Since I(¢) is uniformly continuous, then there is a n
(0 <n <, and 1 is independent of the choice of #*) such that I(¢) > L for r* <t <t*+1.
If 6 <n, then I(r) > & for all € [t*,r* + o).
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Let us consider the case where n < 6 < 7. For t*+1n <t <t"+ 0, we obtain

! 1(6) (-
1(r) > B(yl_g)/t_f1+a11(6)+o¢2(y1—s)e wa(1=0) 49
o 1(0) it
> ﬁ(yl_g)/t; 1+(X11(9)+(X2(y1—8)e #2tde

By —e)"e
2(1 —+ 0 %* =+ ch(yl — 8))

= I().

We set

*

I
11 = min{z,lo}.

Clearly, I(t) > I for t € [t*,t* + O].
If o > 7, with same reason, I(t) > I for 7 € [t*,t*+ 1]. For ¢

t 41
1) >ﬁ0n—@11 d

*+% 1+ alll

B(yl *8)]16_“211'
— 2(1+ ol +oa(yr —

For t € (t* + 3% ,t* 4 27], we obtain

1(t) > e H(=0)49

We set N=[4]+1 ([4]4 4)
Define
(15)

Continuing t lude that

>hy o, te(t™+m—11,t"+ (n—2)1],

1, te(™+m—2)t,t"+nt], n=23,.,N.
Denote

= min [,
1<k<2N-—1

with Iy (1 <k <2N —1) are defined in (13), (14) and (15).

Clearly, I(t) >y, for all t € [t*,* +Nz]. Since % <N, then I(t) >y, for all t € [*,1* + A].

If 0 <A, then I(t) >y, for t € (t*,1" + o].

We will show that if 6 > A, then I(t) >y, for t € (t* + A,t* + 6]. Suppose the contrary, then there
isa 0 >0 such that I(t) >y, for t* <t <t*+ 04+ A <t*+ 0 and I(t*+d+ L) =y,. Noting that I(t) < I*
for 1 € [t*,1* + o], then S(r) > S* for t > "+ A. Hence, for t =t*+ 6+ A,

S* t
(1) > [3y2/ o H2(t=6) 4p
L+ouy, +008* /¢
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BS*y2 (1 —e #2T)
T (14 oy +opm)

(16)

By using I* >y, and (6), we conclude that

Lo, BSU—etn) _ pS(1-et)
p W (1+ o I* +opm) ~ w1+ oy, +om)’

It follows from (16) and (17) that I(r =t*+ 8 +A) > y», which contradicts
Consequently, I(t) >y, for t € (t* +A,t* + o]. Since this kind of interval '
arbitrary way (we only need #* to be large), we conclude that I(¢) >y, for
therefor, liminf,_, 1o I(£) > y».

Thus, for € > 0 sufficiently small, there is a M3 > M, such tha
derive from the third equation of (2) that, for r > M3,

; Be 2t (y1 —€)(y2 —€)
kit) = I+ai(y2—¢)+ o

by comparison it follows that

liminfR(z) >
f—>—+o0

In this section,
(2).
Lemma

1 —2cos (wr)e~ (1T 4 = 2(r+1)7
(1 —eH7)2 ’

Proof. Define function

P12 —(rt)T 21T
Hw) = (1+ 22+ 2~ cos (wr)e +e

oo (1—e )2
The derivative of H is given by
H(w) = ivzg 2 si(r; (ivz)_iﬂ(;r#z)r
The derivative of H is given by
2 27%cos(wr)e  (YHRIT 2 pplehet

H(w)

T2 (e T2 (l—emn)?
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(1,ef<v+uz)r)2
(1—e H27)2

SinceH(O)anndﬁ(W)Z%—M then%—wzoandH(o):(l_F%)Z_ >0
2 2

(176—[121)2 ) (1727”2‘[)2
are sufficient conditions to ensure that H(w) > 0. Define de function

'}/ ] _ef(Y‘HJ'Z)T

R(y):=1+——
S T P

It is clear that R(0) =0 and the derivative of R is given by

. 1 te (rti)T 1 Te Mt
R(y)=—— E =T > — =0
M 1—et2 Mo 1—e 2

It is not difficult to show that yj(u)=1— (1112:%:)2 >0, y(u)=1-

stable; if Ry > 1, then E; is unstable.

Proof. The characteristic equation of the linearized sy, e disease-free

equilibrium E; takes the form

BA
A+ A+ A+ — 18
A+ )4+ p3)(A + LA (18)
Clearly, (18) always has two negative roots A; = —;, Y= —HU3. The qgther roots of (18) are determined

by the following equation

B Ry

A .
TAG = Tt We obtain that

s of (20) and using 0

w2 1—2cos (wt)e” 1T 4 o= 2rt)e

‘LT%] N (1 —eHT)2
We asSg S ict®n that there exists y > 0 satisfy the two equations of (20). It follows from
Lemma i ¥, then
2 2 _ =(rtu)T o p=2(r+u)T
w w 1 —2cos(wT)e +e
Ty Mys e L s e 7 ,
o H2 H H2 H2 (1 —eH7)
which is a contradiction. Consequently, the disease-free equilibrium E; is locally asymptotically stable
when Ry < 1.
For A real, denote
A A
e(A) = A+ - —P PA  wrrr

+
i +Acy W+ Aoy
If Ry > 1, clearly,

g(0) = (1 -Ry) <0,  lim g(A) = +e.
A—>+oo

Consequently, (19) admits at least one positive root. Hence, if Ry > 1, E; is unstable.
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Lemma 4 ( [16]). Let (fy)nen be a measurable sequence of non-negative uniformly bounded functions.
Then

/ liminf f,, < liminf / fn < limsup / n < / limsup f,.

Theorem 5. If Ry < 1, then the disease-free equilibrium E; of system (2) is globally asymptotically
stable; if Ry > 1, then Ey is unstable.

Proof. In Theorem 3, we have given the local asymptotic stability of E;. We now prove that E; is
globally attractive.

Let (S(7),1(t),R(t)) be any non-negative solution of (2) with initial conditions (3).

Clearly,

limsupS(r) <
f—too

A
-

Therefore, for € > 0 sufficiently small, there is a M| > 0 such that if ¢
It follows from the second equation of system (2) that

T
. . BI(t—0)S(t—0)
limsup/(¢) = limsu
[—)+oop ( ) t—)+oop/0 1+a1](t— 9)+(X25(t

< /T limsup,_, ., BI(t — 0)lim
o 1+limsup,_, . ol(t—0)

hence,

(22)

Since Rg < 1, then (2

e HaT(A
R(r) < Pe ™ tele

> — UzR(¢).
1—1—0618—1—062(%%-8) )

By using a comparison argument, we obtain

Be (A 4 g)e
limsupR(r) < = A) :
t—Foo H3(1+oue+on(y +€))

Since this inequality holds true for arbitrary € > 0 sufficiently small, we conclude that

lim R(¢) =0.

t=>too
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It follows from the first equation of system (2) that, for t > M,,

. Be
St)>A—wS)— S(t).
(1) 2 A= mS(0) = o 50
By using a comparison argument, we obtain
A1
liminfS(r) > — U+t
1o Be+pu(1+oe)

Since this inequality holds true for arbitrary € > 0 sufficiently small, we ¢ ude t

liminfS(r) > —.
t—>+o0 .LLl

We deduce from this inequality and (21) that

lim S(¢) =

t—r+oo

This completes the proof.

5 Global asymptotic stability of the en

In this section, we establish the locg

Theorem 6. If Ry > 1, y W E> of system (2) is locally asymptotically stable.

Proof. The characge®ti i ycarized system of system (2) near the endemic equilibrium
E, takes the for

)A +po(T) + (q1(T)A +qo(T))e 7] =0, (23)
where

=W ++h—Dh, Po(T) = po(uy +11) — i la,

q1 (T) = lze—l-lZT’ 6]0(7) = .ullZe_Iera
, __ Bh(+ab) L B+ ms)
: (1—!—061124—06252)2’ (1+06112+06252)2'

Clearly, (23) always has a negative root A = —p3. Other roots of (23) are determined by the following
equation

22+ p1(TA + po(T) + (q1(T)A + qo(T))e A7 =0. (24)

Let A = y+iw. Thanks to the property of symmetry we can assume that w > 0. Separating real and
imaginary parts of (24), it follows that

(Y+u)(y+ 12— L) —w+ (y+m)li = —b[(y+ ) cos (wt) +w
x sin (wt)]e” (FTH)T, (25)
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WY+t — b+ Y+ 4+ 1] = —hwcos (W) — (y+ w1 ) sin (wt)]e” (VHH2)T, (26)

Multiplying (25) by w and (26) by y+ u; and subtracting the products, we obtain that

w

—u —w = —lsi —(r+u2)7 27
(YJF“])QJFWZ(HZ p1)li —w = —lLsin(wr)e (27)

Multiplying (25) by y+ i and (26) by w and adding the products, we obtain that

(7 + 1) (Y + p2) +w -
Ty ) I = b1 —cos (we)e™ 1HH2)7).
We set
) ) v v (2 —
[(y+m)2+w22 T [(y+ )+ w2
5 2y ) (7 ) LY (Vas

(rrm)+w? T () w?
Squaring and adding the two equations (27) and (28), we get

(Y+ ) +w + T+ T = 3[1—2cos( (29)

We assume for contradiction that there exists y > 0 satisf
then it suffices to prove that (y+ )% +w? > 3[1 —2cos (w
Define the functions

uations (25) and (26). Since T} +T> > 0,
(')/—F[Jz)'l' _|_ e

Proof. local asymptotic stability of E;. We now prove that E; is
globally attr
Let (S(z), ution of (2) with initial conditions (3). Denote

supS(r), Iy=limsupl(r), Ry;=IlimsupR(t),

f—+oo t—soo =500

S; =liminfS(r), I =liminfl(r), R;=liminfR(z).
f—>oo f—oo t—>+oo

In the following we prove that S, =S; =8>, = =1L, Ry =R; =R>.

Clearly,

A
limsupS(r) < — : = X;.
t—o0 H

Consequently, for € > 0 sufficiently small there is a M; > 0 such that if # > M;,, S(t) < X} +&.
We derive from the second equation of system (2) that

[T BI(t—6)S(r—0) i
I(t)—/o T ol —6) o5 —6)° H049. (30)
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It follows from (31) and Lemma (4) that

BI(t—0)S(t—6)

T
limsup/(¢) = li 940
imsup/(1) lffi‘i,p/o T toul(t—0)+usSit—0)°
- /r limsup,_, ., BI(t — 0)limsup,_, .. S(t —6) 12079
~ Jo l+limsup,_, oqI(t—0)+limsup,_, ., 0uS(t—0)
S .
< PXLG gy DMSpo I g
153 1 +limsup,_, ., /(1) + o X;
which leads to s
1] — e H2®) — X0 —
limsup(t) < (B = ™) = 1o 00)X] = Ho =

f—>+oo Ha O

Consequently, for € > 0 sufficiently small there is M, > M| such ¢

which leads to

Consequently, for € > 0 su » i M, + 7T such that if t > Ms, R(t) < XR +e.

(2) that, for t > M3,

N Bxi+e)Xite)
1+o (X[ +€)+om(X] +¢)’

which yiel

1, B(X;+¢e) (X! +¢)
(1) > m A 1_|_a1(X11+8)+O‘2(Xig+8)

rue for arbitrary € > 0 sufficiently small, we conclude that

!

Since this i 1ty

1 x5x!
liminfS(t) > —(A PXIX,

f—+oo i3] 1+ OC]XII + OCQXig

Consequently, for € > 0 sufficiently small there is My > M3 such that if 1 > My, S(t) > Y} —e.
We derive from the second equation of system (2) that

BI(t—0)S(t—0)
1+oI(t—0)+0pS(t—0)
K liminf, ;. BI(t — 6) liminf,_, 1. S(t — 0)
/0 1+ liminf,_, o 0 1(f — 6) + liminf,_, .. 0xS(r — 6)
@(1 ot liminf;,_, . B1(?) .
e 1 +liminf_ o i I(t) + Y}

e 940

t—>+oo t—>+oo

T
liminf/(z) = 1iminf/
0

e 040

Y
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It follows from section 3. that liminf;_, . (¢) > 0, we conclude from (31) that

liminfI(z) > (B(1—e™#%) —won)Y} — iy :

=1/
t—roo a0

Consequently, for € > 0 sufficiently small there is Ms > My such that if t > Ms, I(t) > Y] —&.
We derive from the third equation of system (2) that, for r > M5+,

ko) > P o0 o)

— u3R(1),
Tlto(Y &)+ m(YS—¢) HsR(1)

which leads to

—r(yS _e)(YI—¢
liminfR(r) > ¢ IO —¢)
1—teo w(1+o (Y —€)+ (Y]

Since this inequality holds true for arbitrary € > 0 sufficiently

liminfR(z) >
t—too

Consequently, for € > 0 sufficiently small there is M > @ + 7 such that if t > Me, R(t) > Y} —¢.
Another time, we derive from the first equation of s

which leads to

YIS—S)(YII—E)
[ —e)+ 0‘2(Y1S_8)

]
fficiently small, we conclude that

R

— = X5,
1+oyY!+ Olels) z

XS:i(A_ ﬂylfflyr{—l )
"W l+a Y +oprf 7
1 x3x!
. )
Ji5 1+ o X+ o X3
X! — (B(1—eH27) — o)X, — o
" U0
1— e %) — )Y —
xR _ Be *TX3X]

om(l+ o X+ 0pXS)
yR — Be FTV}Y, ‘
"owm(1+a Y+ opYs)
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Clearly,
Yy <8 <S < X2V <L <I, <XLYR<R <R, <XE (33)

It follows from (32) that

1 1 B(1—e ")~ o 1o
S f— — —_—
Furr = Nl{(l m ou(l—etr) )(A+061(1 ”))
L B(I—e™%) —thon 5 g
— X 1. 4
i e ) (34)
We derive from (34) that
L 1 Bl—e ™) g, !
X5, x5 = —{1—-— A 1+—
T T pon(l—eHT) H +061(1—6’7”21) al +H1

BU—e7) — oo

S
oy (1 —eHet Xa}

since X5 > S, and (1 —e #%)(uyay — ) > 0>

S S
Xn+1 _Xn <

Hence, the seq ically non-increasing. Thus, (X3),cn is convergent. We derive

from (34) that

Uy + Aoy (1 —e H27)
X’ = =35,.
(B4uran)(1 —e ") — o 52 (35)

It follows froM@32) and (35) that

lim X7 =8, lim X! =8>, nETmX»f — Ry,

lim Y3 =58, lim ¥/ =05, lim YR=R,. (36)
n— +oo n— +oo n—y—+oo

We deduce from (33) and (36) that
Ss=8=8, L=L=hL, R;=R =R,

Consequently
lim S(@)=S,, lim [()=h, lim R() =R

t—+oo

This completes the proof.
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6 Discussion

In this work, we have studied an SIR epidemic model with nonlinear incidence rate which has a
more general form, and with a constant infectious period. The dynamical behaviors of the model
are almost completely determined by the reproduction number Ry. When Ry < 1, the disease-free
equilibrium E; is globally asymptotically stable, and no other equilibria exist. When Ry > 1, the
equilibrium Ej loses its stability, and an unique endemic equilibrium E, appears which ig permanent,

attractiveness of the endemic equilibrium E, when oqu; > B was base
obtained in the proof of the permanence of the endemic equilibriu
like to study the global asymptotic stability of the endemic equilibig
parameter values.
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